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Introduction to pattermatching
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A typical pattern matching rule:
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Bloch-Redfield\Wangsness relaxation theory outline
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Introducing the correlation functions for time-dependent interactions and
returning to Schroedinger rep.

Evaluating the integral and taking
trace with a system of observables

Relaxation theory

Analytical relaxation theory of multi-spin systems is notorious for bulky intermediate and final expressions.




Relaxation theory: what needs to be automated
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tensor operators and Wigner functions (reasonably neat and compact):
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@ relaxation theory treatment utilizing
rotation group properties

Using a table of tensor operator commutators, orthogonality
properties of Wigner functions plus some luck, we can try solving the BRW

master equation by hand: . —
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Relaxation theory: what needs to be automated

Requirements / Challenges:

Fully rhombic interaction tensors: are algebraically difficult due to
the complexity of the rotations involved, but are quickly becoming
essential as relaxation experiments in NMR and ESR get more
accurate.

General dynamics model: the spectral density function must be
carried through in its most general form. Exponential correlation
functions are only encountered in textbooks.

Cross-correlations: geometric locks between interaction rotations
must be correctly accounted for.

Dynamic frequency shift: frequency arguments of the spectral
density functions must be correctly signed.

Arbitrary interaction tensor orientation: interaction tensor positioning
In molecular frame must be completely general, but must not involve
any brain-twisting trigonometry.

Secular approximation: is a very dangerous assumption and must
be removed if at all possible.




Automated processing strategy: stage 1

Stage 1: preprocessing the Hamiltonian to expose rotation group properties
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What is happening:

Transforming the eigenframe expressions
to the irreducible spherical tensor notation
(equally applicable to linear, bilinear and
quadratic spin interactions).

Setting up internal rotations (to position
interactions in a given molecule) and an
overall molecular rotation. The angles
corresponding to internal rotations may
optionally be treated as fixed.




Automated processing strategy: stage 2

Stage 2: automatic matching of correlation function patterns in the BRW expressions

S The so-called 'upvalues' are used, which are instructions to the
U) 0 q:n("\ ) A ULk , Ty - . ) L VR T SN T
M, ( ) cd_ (T)-7] ngMd(T) symbolic processing kernel to do the following throughout
2 thecalculations: to keep an eye on the occurrence of Wigner
QRU)*(O)gﬁA ( ) 0 function products that match the left hand side, and on
Tralb ‘ encountering a match to replace it with the right hand side. The
‘YI([[ ,,: (O)‘m(/‘ ) ( ) 0 variables with trailing underscores may stand for anything and
are simply carried over to the right hand side.

Programmed in just one line of Mathematica syntax:

M /:M[1 ,a , b, 0] Conjugate[M[k , c ,d , t]]:=
KroneckerDelta[l ,k]KroneckerDelta[a,c]KroneckerDelta[b,d]
21+1

G[t];

What is happening:




Automated processing strategy: stage 3

Stage 3: automatic integration of BRW expressions using a dedicated symbolic integrator

Due to lack of knowledge of the functional form of the

Y ( a_+ b_);: Y (Cl )+ Y (b) correlation functions, a brute-force symbolic integration would

T(a b ):: aY (b) if gec fail. A much improved solution at this stage is not to rely on

- explicit integration, but rather to create a dedicated integrator

Y (e g(r)):z J(O)) which is only aware of a specific set of properties and is
therefore very fast.

Implementing linearity, multiplication by a scalar, and a rule for the exponential:

BRWIntegrate[A + B_] := BRWIntegrate[A] + BRWIntegrate[B] ;
BRWIntegrate[A B ] := A BRWIntegrate [B] /; AcComplexesVv A cParameters
BRWIntegrate[Power[A , k ] B ]:=

Power[A, k] BRWIntegrate[B] /; keIntegers && (A cComplexes Vv A cParameters)
BRWIntegrate[e™~G[t]] := J[Simplify[-iA/t]];
BRWIntegrate[G[t]] := J[0];
BRWIntegrate[0] := 0;

What is happening:




Example 1: relaxation due to rhombic Zeeman interaction

This is literally it, ten lines of Mathematica code in addition to the above:
Hst=w,L, +0,S, +aL_.S_;

Rh & Rh
Hdn[t_]:=? > T[2,k]M[2 ,k,—2,t]+? > T[2,kIM[2,k,2,t]+

k=-2 k=-2

T[2,k]M[2,k,0,t];
J— Z
Dcomm[p ]:
- Comm[Hdn [0] ,Comm[ConjugateTranspose|

MatrixExp[iHstt] .Hdn[t] .MatrixExp[-iHstt] ],pl]’
Scal [Dcomm[A], B] ] . .
Rate[A , B ] := —————————-—//TrigToExp//ExpandAll/ /BRWIntegrate//Simplify;
- \/Scal[B, B]Scal[A, A]

Some illustrative output and timings:

Rate[L L] // Timing

0.078 Second, —ll—O(J[—ml]JrJ[ml}) (L[0T —20L[-1]OL[1]+20L[-2]dL[2])

Rate[L , L] // Timing

0.0477 Second, —%(4J[O]+3J[—ml] ) (PL[O0T -20L[-1]1®L[1]+20L[-2]10L[2])




Example 2: relaxation due to ZFS anisotropy

ZFS anisotropy is the dominant electron relaxation mechanism i _
e.g. derivatised endofullerenes. For the spi (N@G,) case: @

~

H = (UISZ -+ (Uz]iz -+ (lgzz,z -+ § - L - §

HO = (-UISZ + (.UzLZ -+ C!Ssz.
2
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Resulting relaxation rates and timings:

AX® +3Rh’
Rate[S_,S.] // Timing 0.328 Second, —XT(J[—a—m.l]+J[a—mw]+4J[2a—2m1]+4J[—2m.1]+J[—mw]+J[m,_]

+4J[20,]+J[-a+e,]+4J[-2a-20,]+J[a+w, ]+4T[2a+2w,]+4T[-2a+20,]),

Ax’ +3Rh’
Ratels,,s,] // Timing 0.297 Second, —XTWJ[O]+3J[—a—mj]+3J[a—m.1]+2J[2a—2m,_]+2J[—2m.1]

+3J[-@,]+2T[w,]+20[-a+w,]+2T[-2a-20,]+2J[a+w,]),
In a simplified 2

-—(Ax’ +3Rh’) (J[w,]+47[20,])
form (HFC=0): 25
—21—5(ij +3Rh?) (37[0]+5J [w,1+27[2a,])




Application:q-gHFC crosscorrelation in a radical pair

Steady-state '°F CIDNP, a.u.

AX . =142 Gaus:
RN, = 4.4 Gauss
Ax, =522 Gauss

Rt’b =211 Gauss

Geminate "°F CIDNP, a.u.

e 3-F-Tyr in 30% glycerol
e 3-F-Tyr in 70% glycerol
¢ 3-F-Tyr in Trp-cage, water

m 4-fluorophenol / FMN, 20% glycerol
@ 4-fluorophenol / FMN, 50% glycerol
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Temperature, °c
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Temperature, °c




Application:g-gHFC crosscorrelation in a radical pair

A radical pair (2e,1n) with rotationally correlated rhombic interactions:

H, = f,z+a)§ +@ N, +aS,N,

A A
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Translation into irreducible spherical tensors:
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Example output: relaxation rate for
the left component of the hyperfine
doublet of electron 1.

Computed in 0.214 seconds. The full 4096-
element symbolic relaxation superoperator
takes just under 15 minutes. )




